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Let n=2k+l>O
be an odd integer and S={1,2,...,k}. Let Si,S-i (i=1,2,3,4) form a partition of S into 8 subsets (possibly void). Denote by R the group ring ZC,, where C, = (x) is a cyclic group of order n with generator x. Set wj = xj+ x"-~E R. We shall refer to the equation iii (l +2 C w.i-2 C Wj)* = 4n (1) jsSi jsS-, as the Williamson equation. Two solutions of (1) are said to be equivalent if one can be obtained from the other by applying an automorphism of the group C, and/or by permuting the indices i of the sets Ski. By applying the ring homomorphism R+Z,
x ~1, to eq. (l), we obtain itI (l +4/Si)-41S-i))2=4n.
While it is well known that 4n is a sum of four odd squares and, consequently, eq. (2) has a solution, it was an open question (until recently) whether eq. (1) has a solution for every odd n > 0.
An m x m matrix A whose entries are f 1 and satisfies AAT = ml, (AT is the transpose of A and I, is the identity matrix) is called a Hadamard matrix. Every solution of eq. (1) gives rise to a Hadamard matrix W of size 4n of a very special type known as a Williamson matrix:
where the blocks A, B, C, D are symmetric circulant matrices of size rr. For details, we refer the reader to [3]. Turyn [9] has found a solution of the Williamson equation when 4n=2(q+ l), where q is a prime power = 1 (mod 4). Another proof of the same result was given by Whiteman [lo] [8] .
We have computed all nonequivalent solutions of the Williamson equation (1) for n = 33,35 and 39. The computations were carried out on a VAX 1 l/785 and a MIPS machine.
In the case n = 33 we found exactly five nonequivalent solutions. Four of them were found previously by Koukouvinos and Kounias [4] . For the convenience of the reader, we include their solutions, using our notations, in Table 1 . The new solution is solution 5.
We shall now describe the matrix W, having the form (3), which corresponds to the new found solution of eq. (1). Let (ao, a,, . . . , as2) be the first row of A, and we use similar notations for other blocks. Since A is symmetric and circulant, it suffices to list the entries Ui for O<i< 16 and, similarly, for other blocks. These entries are:
where + and -stand for 1 and -1, respectively. Since the row sums of A, B, C, D are -11, -3,1,1, our solution is not equivalent to any of the four solutions found by Koukouvinos and Kounias [4] .
In the case n = 35 our computer search did not produce any solutions of eq. (1). Thus, we claim that there are no Williamson matrices of order 4.35. Although we are confident about the correctness of this claim, an independent verification of it is highly desirable since this is the first odd integer, found so far, with this property.
In the case n = 39 we found, up to equivalence, only one solution of eq. (l), namely, We describe briefly our method of computation. The main idea is to solve first eq. (1) in some factor rings of R (where it is easier to carry out the computations) and then lift the solutions to R itself. This idea was already exploited by Koukouvinos and Kounias [4] . Each of the integers n = 33,35,39 admits a unique factorization n = pq, where p and q are primes and p<q.
Step 1: For a given n, we find all solutions of the equation All other steps are repeated for each of these solutions.
Step 2: In the ring R/(xP-l), we find all solutions (4) subject to the conditions given below, of the equation By using the fact that the S,'s form a partition of { 1,2, . . . , k}, it is easy to see that the unknown coefficients pij are integers satisfying the following conditions:
i$l Pi0 z ((9 -1)/2) (mod 2), i$l /3ij 3 1 (mod 2), j > 0.
Step 3: We repeat the second step with the primes p and q interchanged except that we list only the nonequivalent solutions. The equivalence is defined in the same way as in Section 1.
Step 4: We examine all pairs consisting of a solution obtained in step 2 and a solution obtained in step 3. We determine whether or not there is a solution of eq. (1) which, after reduction modulo the ideal (xp-1) (ideal (x" -l)), gives the first (second) solution of the chosen pair. Here we make use of the facts that and where the si's are given by (4) .
We provide in Table 2 some details of our computations which may be helpful to people who want to verify them. The first column contains the value of n, the second lists the solutions of eq. (4), the third and fourth give the number of solutions in the lists produced by steps 2 and 3, respectively, and the last column gives the number of nonequivalent solutions of eq. (1) found by step 4. 
